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Dielectric interfaces critical for metal-oxide-semiconductor (MOS) electronic devices, such as the Si/SiO2 MOS field
effect transistor (MOSFET), possess trap states that can be visualized with electrically-detected spin resonance tech-
niques, however the interpretation of such measurements has been hampered by the lack of a general theory of the
phenomena. This article presents such a theory for two electrical spin-resonance techniques, electrically detected
magnetic resonance (EDMR) and the recently observed near-zero field magnetoresistance (NZFMR), by generalizing
Shockley Read Hall trap-assisted recombination current calculations via stochastic Liouville equations. Spin mixing at
this dielectric interface occurs via the hyperfine interaction, which we show can be treated either quantum mechanically
or semiclassically, yielding distinctive differences in the current across the interface. By analyzing the bias dependence
of NZFMR and EDMR, we find that the recombination in a Si/SiO2 MOSFET is well understood within a semiclassical
approach.
I. INTRODUCTION
Magnetic resonance experiments have given access to the
microscopic details of defects inside various materials, includ-
ing semiconductors and insulators, through electron spin res-
onance (ESR) techniques, primarily the technique referred to
as electron paramagnetic resonance (EPR).1 Increased sen-
sitivity is provided by the closely associated ESR methods
called optically and electrically detected magnetic resonance
(ODMR and EDMR).2,3 These latter methods take advantage
of spin-selection rules so while they are more limited in their
use (since they require transitions between spin pairs) they are
also detectable through sensitive optical and electrical mea-
surements. For all these methods a radio frequency or mi-
crowave frequency field is required to induce the spin transi-
tions. Magnetic resonance techniques have been particularly
useful in discovering and determining properties of deep-level
paramagnetic defects in semiconductors and insulators that
are widely used in contemporary and prospective integrated
circuits.4,5 For instance, the Pb defect, a dangling bond, ap-
pears at the interface of Si and SiO2 in Si/SiO2 MOSFETs
(where it is identified as Pb0);6,7 these centers capture charge
carriers, shifting the threshold voltage, and reduce effective
transistor channel mobilities.8–13 If these defects are present in
significant numbers, which occurs when irradiated or stressed
by other means, their presence substantially limits the perfor-
mance of the transistors.14,15
The electronic states associated with Pb and the variant Pb0
lie near the middle of the band gap, and thus contribute sub-
stantially to recombination current, allowing them to be ac-
cessed efficiently using EDMR. Although the defects were
first observed with conventional electron paramagnetic reso-
nance (EPR) measurements,7 the sensitivity of conventional
a)Electronic mail: harmon.nicholas@gmail.com
EPR, about ten billion total defects in the sample under
study,16 is not sensitive enough for studies of these centers
at the dielectric interfaces embedded within technologically
meaningful small devices. Since the sensitivity of EDMR
measurements is at least ten million times higher than that
of conventional EPR, such measurements allow resonant in-
vestigations of these fundamental materials interfaces in fully
processed technologically meaningful devices so long the in-
terface locations are reachable by a.c. magnetic fields. EDMR
measurements have demonstrated that Pb centers play impor-
tant roles in determining the response of MOSFETs to mul-
tiple technologically important device stressing phenomena
including the injection of hot carriers into the oxide17, the
effects of negative gate bias at elevated temperature,18 and
radiation.14
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FIG. 1. The Pb0 defect at the (100) interface of Si and SiO2. The
defect is paramagnetic – one unpaired electron is strongly localized
at the trivalent back-bonded silicon atom. The Pb0 dangling bond
symmetry axis is in the 〈111〉 family of directions.
The high sensitivity of EDMR measurements can also make
measurements requiring high sensitivity for other reasons con-
siderably more straightforward; for example, Brower was first
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FIG. 2. Spin-dependent recombination at the Si/SiO2 interface. (a) Free electrons encounter a Pb defect through a shallow state (e.g. an excited
state of the defect). (b) A weakly localized electron either dissociates at rate kD (return to (a)). Only a singlet state can exist at the defect site.
If that is the case the shallow electron may be captured by the defect at rate kS (proceed to (c)). (c) An extra electron at the defect recombines
with a free hole at rate r which returns the defect to its paramagnetic state (a). The blue arrows represent nuclear spins in the vicinity of the
electron states, where ae and aPb represent the hyperfine coupling constant for the shallow electron and Pb defect, respectively.
to report the hyperfine tensor components of Pb centers on
the (111) SiO2/Si interface utilizing conventional EPR; his
measurements were close to the absolute sensitivity limits of
conventional EPR, involving the stacking of 35 extensively
thinned of Si/SiO2 structures within an EPR cavity. In MOS
technology, however, the (111) interface is almost never uti-
lized; the (100) interface is almost universal, primarily be-
cause the density of interface trap defects (mostly the same
Pb centers) is significantly lower on the (100) interface. The
geometry of the (100) interface also leads to multiple defect
orientations. The lower density and somewhat more complex
geometry make measurements of the hyperfine parameters of
the dominating (100) Pb variant, the Pb0 center (Fig. 1), signif-
icantly more difficult. However such measurements become
relatively straightforward with EDMR. Likely as a result of
these sensitivity issues, the first measurements of the Pb0 hy-
perfine tensor components utilized EDMR.19
EDMR measurements require the simultaneous presence of
a large nearly static magnetic field and a radio or microwave
frequency field. Because these oscillating fields are effectively
shielded by conductive layers, the technique is untenable as a
probe for defects at material interfaces within three dimen-
sional integrated circuits. EDMR is also unable to probe other
material interfaces in which surrounding metallizations shield
the oscillating field.
Recently spin-dependent recombination measurements dis-
played magnetoresistive effects near zero field whether an al-
ternating field was applied or not. The magnitude of this near-
zero field magnetoresistance (NZFMR) may be comparable to
that of EDMR.14,20,21 NZFMR was shown to be both present
in a wide variety of systems and sensitive to radiation dam-
age in those systems. The likely connection between NZFMR
and the same defects that play a role in EDMR suggests that
NZFMR spectroscopy could be a new tool to study defects
in materials such as semiconductors and insulators, and espe-
cially in the very small interface regions of technologically-
relevant MOS devices.22 The finer structure of the NZFMR
line shapes even suggests that NZFMR may yield informa-
tion not accessible through EDMR measurements. NZFMR
occurs due to correlations between at least two spins when
the spins recombine to form either a singlet or triplet state.
The Pauli exclusion principle dictates that S = 0 and S = 1 are
nonequivalent; the simplest example is that if the spins are to
lie in the same orbital level, the S = 1 configuration is forbid-
den. The spin selection rules are important for recombination
dynamics, the focus of this article, and also for understanding
certain transport phenomena like trap-assisted tunneling23,24,
the subject of future work. Similar spin correlated transport
or luminescence has been studied in organic semiconductors
over the past couple of decades.25–28
This article provides the theoretical underpinnings of
NZFMR spectroscopy for spin-dependent recombination at
an oxide-semiconductor interface; this requires modifying
the conventional Shockley Read Hall description29,30 of trap-
assisted recombination. Our approach utilizes a set of equa-
tions known as the stochastic Liouville equations which natu-
rally account for the spin-selective processes. The formalism
is used to determine line shapes of NZFMR and EDMR as
a function of forward bias. In solids, the electronic g-factor
of different electronic states may deviate from its established
3value of 2.002319 due to spin-orbit interactions. At large
fields, the discrepancy in g-factors for different spin states is
observable in EDMR. We focus specifically on applied static
fields that are small enough that differences in effective g-
factors between the two correlated spins do not play a role;
this assumption allows us to explore solely the part played by
the hyperfine interactions. We perform calculations of the line
shape with two different models of the nuclear spin(s): semi-
classical (spin vectors) and quantum mechanical (spin opera-
tors). We also examine the possibility that the captured carrier
spin, in addition to the unpaired spin at the capturing defect
site, experiences a hyperfine interaction from nearby atoms.
Si/SiO2 MOSFETs are used as a case study to compare with
calculations. By doing so, we are able to obtain a detailed un-
derstanding of the physics of spin-dependent recombination
for Si/SiO2 MOSFET system. The results from our model-
ing suggest that NZFMR spectroscopy may serve as a new
diagnostic for defects in semiconductors and insulators, and
especially at the interfaces between them.
II. SPIN-DEPENDENT RECOMBINATION
In the early 1970s, Lepine discovered that spin-dependent
recombination would lead to changes in conductivity in sil-
icon. Lepine’s analysis contended that, in the presence of a
magnetic field, recombining spins were thermally polarized
and less likely to recombine based on the Pauli exclusion
principle31,32. The theoretical predictions of this polarization
model were woefully unmet – the relative recombination rates
were much larger than predicted and carried little magnetic
field or temperature dependence. A variety of polarization
models failed to improve the situation33–35.
In 1978 an advance occurred when Kaplan, Solomon,
and Mott (KSM) produced a new model not based on spin
polarization36. This KSM model posited that spins underwent
an intermediary phase before recombination. Once the pair
enters this intermediary phase (which might be an exciton or
a donor-acceptor pair), the pair components are exclusive to
one another; the pair has the option to either recombine or dis-
sociate. The recombination process is spin-dependent while
dissociation is not. Only after dissociation can either com-
ponent interact, and possibly recombine, with other carriers.
The KSM model explained many of the difficulties that con-
fronted the Lepine model. Further adaptation was provided by
Rong et al. where the intermediate state was supposed to be
either an excited state of the defect or a shallow donor state
near the conduction band.37 The carrier is first trapped into
this excited state where it then has some probability of either
dissociating back into an itinerant state or falling down into
the ground state of the defect. It is this last process which
is spin-dependent due to the Pauli exclusion principle since
the defect is initially paramagnetic. The singlet ground state
of the charged defect may capture and recombine with a hole
and the process repeats with the defect becoming paramag-
netic once more.38 These processes are depicted in Figure 2.
In this article we use the idea of exclusive spin pairs
to model both EDMR and NZFMR. Our approach utilizes
stochastic Liouville equations for a spin density matrix which
allows for a more general treatment than either the theories
of KSM or Rong provided in the past. Previous theories of
EDMR have been limited in scope by treating only transi-
tions induced by different g-factors or semiclassical nuclear
fields.39–41 When examining NZFMR in systems with very
few nuclear spin, it is imperative to include fully quantum hy-
perfine interactions. In the article we analyze NZFMR and
EDMR by treating both quantum and semi-classical hyperfine
interactions and then discuss the appropriate approach to use
for our Si/SiO2 MOSFET devices. In the next section we al-
ter the conventional model of trap-assisted recombination to
include the ideas of pair exclusivity from KSM and the spin
dependence of carrier trapping at a deep level paramagnetic
defect site.
III. SPIN-DEPENDENT RECOMBINATION CURRENT
Recombination current in a semiconductor device can be
explained utilizing the Shockley-Read-Hall model of recom-
bination. In this model, electron-hole pair recombination most
effectively takes place at deep level defect centers near mid-
bandgap.29,30 Thus, in measurements of interface recombina-
tion utilizing a gated diode measurement, the recombination
defect centers have energy levels very near the middle of the
Si bandgap. Recombination current results from capture of
both types of charge carriers at a deep level. Consider the
simple case of an electron traveling through the conduction
band. When the electron encounters a deep level defect, it
may fall into the deep level granted that spin selection rules
are obeyed. Once the electron capture takes place, the elec-
tron is available for recombination with a hole in the valence
band. This process may also take place via hole capture and
subsequent recombination with a conduction band electron. In
the gated diode measurement, the recombination current mea-
sured through the body contact of the MOSFET has a peak
which corresponds to the situation where both electron and
hole densities are equal. When this occurs the recombination
is maximized.
The peak of recombination current can be thought of quan-
titatively as follows. Under conditions where the MOSFET’s
source and drain are shorted together under a forward bias
with gate voltage set to yield maximum interfacial trap re-
combination current (see Fig. 3 which is configuration of ex-
periment used here), the recombination current is
Imax =
1
2
q2niσvthADit |VF |eq|VF |/2kT (1)
where σ is the equal electron and hole capture cross sections
by the defect, vth is the thermal velocity of the carriers, ni is
the intrinsic carrier concentration, Dit is the areal concentra-
tion of interface traps per energy, A is the gate area, q is the
electronic charge, VF is the forward bias voltage, k is Boltz-
mann’s constant, and T is the absolute temperature. This
Imax is derived independent of spin.42 In the experiments con-
ducted here (to be discussed further in Section VII), under for-
ward bias holes of concentration p are injected into the chan-
4 
FIG. 3. Schematic illustration of the gated-diode biasing scheme. (a) The MOSFET is in accumulation and only electrons occupy the interface
region. (b) The MOSFET is in depletion and, assuming the densities of electrons and holes are equal, interface recombination is maximized.
(c) The MOSFET is in inversion and the interface channel region now consists of mostly holes.
nel. If pi ≡ ni, then for room temperature Si ni is about 1.5
×1010 cm−3, and with forward bias, p = nieq|VF |/2kBT which
gives a range of carriers between about 2 ×1015 cm−3 and 7
×1018 cm−3 for the range of forward biases used here.
Equation (1) is insufficient for a few reasons: the electron
and hole cross sections, σe and σh, are unequal43; the recom-
bination is mediated by an intermediate shallow state; the cap-
ture of an electron by the deep trap is spin dependent. Equa-
tion (1) can be modified to include these additional effects as
described next.
A. Calculation for maximum spin-dependent recombination
current
The maximum recombination current is
Imax = qAUs (2)
where A is the gate area so Us has units of inverse time and
area. The current is maximum when the gate bias is tuned in a
way that there are equal numbers of electrons and holes at the
interface which maximizes Us.
The spin-dependent capture of a carrier electron by a deep
trap is a two step process: (1) the carrier electron is first
weakly localized by a shallow state in the vicinity of the de-
fect. At room temperature this state is most likely an ex-
cited state of the defect which may be near the conduction
band.37,44–46 We assume this going forward. (2) the electron
in the now charged excited state of the deep paramagnetic trap
reduces to its charged ground state if the singlet condition for
the spin pair is met. The theory of Shockley, Read29, and
Hall30 can be modified to include the two-step capture (into
the ground state) by the trap. The rate of capture of a conduc-
tion electron into the trap ground state is cnNT where we call
cn the capture parameter (with dimension rate × volume) and
NT is the density of traps. If the two steps are each accom-
plished with respective capture parameters ct∗ and ct then the
total capture parameter of a conduction electron into the deep
level trap by way of its excited state is
cn =
ct∗ct
ct∗ + ct
≈ ct . (3)
The last approximation is made since the transition rate to the
trap ground state (large energy difference) is much smaller
than the capture of a conduction electron by the excited state
(small energy difference). The capture rate per volume ac-
counts for the concentration of conduction electrons, n, and
is
rt = ctnNT (1− f (Et)) (4)
where f (E) is the non-equilibrium occupancy factor at the
trap level which can be determined in the steady state.29,30
The calculation can then proceed in a straightforward man-
ner, following that of Shockley, Read29, Hall30, Fitzgerald and
Grove42. These calculations assume that traps have constant
density throughout gap but the recombination process is dom-
inated by traps near the center. 1
The recombination rate per unit area is:
Us = cnσpvthDst
[∫ Ec
Ev
dEst
cn(ns+nie(Est−Ei)/kBT )+σpvth(ps+nie−(Est−Ei)/kBT )
]
(psns−n2i ) (5)
1 The calculation can also be done with a single defect level at mid gap. The
purpose here is to mimic the Fitzgerald and Grove model since that is the
one that gets quoted most often in the literature.
5where Est is the energy of the recombination center and Dst
is the areal density per energy of such centers. The quantities
ns and ps have dimensions of inverse volume. As mentioned
earlier, the deep defects possess the relevant capture parameter
cn = ct which, unlike for holes, should not be expressed as
σnvth because the electron is already situated at the defect.
Since relaxation of the excited electron spin into the ground
state of the defect is spin dependent, cn ≈ (kSρS/g)cn,0 where
cn,0 is the maximum possible capture parameter and (kSρS/g)
is the probability of a singlet that comes from the stochastic
Liouville equation which is demonstrated in the next section.
This integral in Eq. (5) can be determined to be approxi-
mately2
Us =
√
cnσpvthkBT Dst
arccosh(x)
ni
√
x2−1 (psns−n
2
i ) (6)
with
x =
ps
2ni
√
σpvth
cn
+
ns
2ni
√
cn
σpvth
. (7)
The function arccosh(x)/
√
x2−1 decays monotonically from
a maximum value of pi/2. Thus maximizing the recombina-
tion rate entails minimizing the quantity x. Given that ni is
the intrinsic carrier density, the only way to do so is by min-
imizing both ns and ps. Just as for Fitzgerald and Grove, the
minimum values for these two are nieq|VF |/2kBT which can be
reached by tuning the gate voltage. Note that the unequal
cross sections do not change this criterion.
Substituting in these constraints on the electron and hole
densities yields
Us =
√
cnσpvthkBT Dst
arccosh
[
eq|VF |/2kBT
2 (
√
σpvth
cn
+
√
cn
σpvth
)
]
√
eq|VF |/kBT
4 (
√
σpvth
cn
+
√
cn
σpvth
)2−1
(eq|VF |/kBT −1)ni (8)
In the limit of large forward bias, the result simplifies to
Us = 2
√
cnσpvthkBT Dst
arccosh
[
eq|VF |/2kBT
2 (
√
σpvth
cn
+
√
cn
σpvth
)
]
√
2+ σpvthcn +
cn
σpvth
eq|VF |/2kBT ni (9)
The argument of arccosh is large and so can be expanded
as arccosh(y) ≈ ln(2)− ln(y−1) = ln(2) + ln(y) = ln(2) +
ln(1/2) + ln(
√
σpvth
cn
+
√
cn
σpvth
) + q|VF |2kBT where only the last
term is appreciable under physical conditions. This finally
yields
Us =
√σpvthcn√
2+ σpvthcn +
cn
σpvth
Dstqni|VF |eq|VF |/2kBT . (10)
An effective cross-section can be defined as:
Σ= 2
√σpvthcn√
2+ σpvthcn +
cn
σpvth
(11)
such that
Us =
1
2
ΣDstqni|VF |eq|VF |/2kBT . (12)
In the case of equal capture rates (σvth),
Us =
σ
2
vthDstqni|VF |eq|VF |/2kBT (13)
which is exactly the result of Fitzgerald and Grove.
2 The intrinsic Fermi level, Ei, is assumed to be at mid gap such that (Ev−
Ei)/kBT  0 and (Ec−Ei)/kBT  0
B. The effective recombination cross section
The spin dependence of the recombination enters through
the effective cross section, Σ, in Eq. 11. Fig. 4 plots effective
cross section versus electron capture rate per area of the trap.
For small cn compared to σpvth, the dependence is linear. We
can think about it in this way: when the holes are very rapidly
captured, electron capture is the limiting step so any increase
in recombination requires quicker electron capture. The sin-
glet probability, ρS, enters within cn ∝ ρS. This calculation
0.01 0.10 1 10 100
0.01
0.05
0.10
0.50
1
cn (σpvth=1)
Σ
cn
c1/2n
FIG. 4. Effective cross section as function of electron capture param-
eter. Line segments depict regions of ∼ c1n and ∼ c1/2n
6assumes the cross sections or capture parameters are indepen-
dent of energy. There are interpretations of the cross section
that might suggest that assumption to be incorrect.47 The cal-
culation would obviously be more difficult and probably not
allow for any analytic solution.
Our system of a Pb0 defect at the Si/SiO2 interface is clearly
in the regime of cn  σpvth since the trap will be negatively
charged when capturing a hole but neutral when capturing an
electron. So our final expression for the maximum recombi-
nation current is
Imax = q2AcnDstni|VF |eq|VF |/2kBT = q2AkSρSG cn,0Dstni|VF |e
q|VF |/2kBT .
(14)
This expression is valid even when a magnetic field is in-
cuded (through the parameter ρS – see next section) as long as
the bias condition for maximum current is unchanged by the
magnetic field. The optimum current position has not been
systematically studied in relation to magnetic field but one
study shows very little change in the bias condition.18 There-
fore Eq. (14) applies for the NZFMR and EDMR experiments
described in this article.
All other quantities in Imax are considered to be spin
or magnetic field-independent; hence Imax(B0)/Imax(∞) =
cn(B0)/cn(∞) = ρS(B0)/ρS(∞) is the normalized current at a
given forward bias.
IV. THE STOCHASTIC LOUIVILLE EQUATION AND THE
LYAPUNOV EQUATION
We use a spin-density matrix ρ which fully accounts for not
only the spin-pair but also any number of nuclear spins. The
evolution of the spin pair plus any number of relevant nuclei
is governed by the stochatic Liouville equation:
∂ρ
∂t
=− i
~
[H0+Hh f +H1,ρ]− kS + kD2 {PS,ρ}−
kT + kD
2
{PT ,ρ}+ gTr11, (15)
where we use SI units and the Hamiltonians are presented in
detail in the next section. The first term on the right-hand
side is the Liouville or Neumann equation for the density ma-
trix, describing the coherent evolution of the density matrix.
The second and third terms signify the random processes of
spin capture and spin dissociation of the spin pairs which in
general may depend on their spin configuration (singlet or
triplet combination occur at rates kS and kT , respectively). As-
suming small spin-orbit interactions, we take kT = 0; triplets
are not captured by the deep defect. The rate of singlet
capture depends on the occupation of states so is written as
kSTr[PSρ(t)] = kSρS(t). A rate kD describes the dissociation
of the spin pair.
Consider the steady state ∂ρ∂t = 0 which yields the following
adaptation to Eq. 15:
L ρ+ρL † =
g
Tr1
1. (16)
with
L =
i
~
H +
kS + kD
2
PS +
kD
2
PT . (17)
This type of type of equation is known as a Lyapunov equa-
tion. L can also be written as an effective Hamiltonian
H =−i~L . The solution for the Lyapunov equation is then
ρ=
g
Tr1
∫ ∞
0
e−iHteiH
†tdt =
g
Tr1
U (18)
where
U =
∫ ∞
0
e−iHteiH
†tdt. (19)
Another relation is obtained by taking the trace of Eq. 15
in the steady state:
− (kS + kD)Tr(PSρ)− kDTr(PTρ)+g = 0, (20)
which leads to
kSTr(PSρ)
g
+
kDTrρ
g
= 1. (21)
The first term is the fractional yield of captured singlet pairs
(creating the S = 0 defect state); the second term is the frac-
tional yield of dissociated spin pairs. Another way to write
this is
kSρS ≡ kSTr(PSρ) = g− kDTrρ (22)
which is combined with Eq.18 to ascertain
kSρS = g− kDTr( gTr1U) = g
(
1− kD
Tr1
Tr(U)
)
. (23)
Spin relaxation and decoherence are ignored in Eq. (23).
The solution to the SLE gives
ρS =
g
Tr1
f (B0) (24)
where Tr1 = 2n is the spin degeneracy factor (2n where n is
number of spins included in the density matrix; 2n is also the
dimension of the density matrix here). f (B0) is the remaining
portion of the density matrix. g is the rate that which spin pairs
are generated. So this factor depends on the e-h recombina-
tion and the capture of an electron by the shallow state. If we
assume that e-h recombination occurs rapidly after the defect
7becomes S= 0, then the rate g is limited by the shallow state’s
capture of electrons. Therefore we write g = σt∗vthNdt where
σt∗ is the capture cross section of the shallow state (assumed
to be excited level of the trap), vth is the thermal velocity of
conduction electrons, and Nt is the density of traps.
V. INTERACTIONS
A. Hyperfine Interaction at Defect
We ignore differences and anisotropies in carrier or defect
g-factors by assuming that the radio or microwave frequency
is small enough such that large static magnetic fields are un-
necessary to probe the EDMR dynamics. We start by assum-
ing only one of the two non-nuclear spins is interacting with
any number of nuclear spins:
H0 = geµBB0(Sz,1+Sz,2)−gnµnB0∑
j
Iz, j, (25)
Hh f = geµB∑
j
I j · Aˆ j ·S1, (26)
H1 = 2B1(geµBSx,1+geµBSx,2−gnµn∑
j
Ix, j)cosΩt. (27)
The first Hamiltonian is the static Zeeman interaction for the
electrons and nuclei. The second Hamiltonian is the hyper-
fine interaction, and the third Hamiltonian is the interaction of
the spins with the transverse oscillating field. After making
the assumption that gnµn geµB, the time-dependent Hamil-
tonian can be decomposed into two piecesH1 =Ha+Hb:
Ha = B1(geµBSx,1+geµBSx,2)cos(−Ωt)+B1(geµBSy,1+geµBSy,2)sin(−Ωt), (28)
and
Hb = B1(geµBSx,1+geµBSx,2)cosΩt+B1(geµBSy,1+geµBSy,2)sinΩt. (29)
The rotating wave approximation (RWA) leads to droppingHb (the details are described in the Appendix):
H˜ = geµB(B0+
~Ω
geµB
)(Sz,1+Sz,2)+~Ω∑
j
Iz, j +geµB∑
j
I j · Aˆ j ·S1+geµBB1(Sx,1+Sx,2) (30)
where we do need to assume that the hyperfine interactions
have the same principle axes and possess axial symmetry. The
Liouville equation becomes
∂ρ˜
∂t
=− i
~
[H˜, ρ˜]− kS + kD
2
{PS, ρ˜}− kD2 {PT , ρ˜}+
g
Tr1
1 (31)
where ρ˜ is the density matrix in the rotating reference frame.
It is important to note that the Hamiltonians in the rotating
frame are time independent.
B. Hyperfine Interactions at Both Electron Spins
The derivation carried out in the previous section can be
repeated exactly when there is also a hyperfine interaction at
S2. The total hyperfine interaction is then:
H˜h f = geµB∑
j
I j · Aˆ j ·S1+geµB∑
j
I j · Bˆ j ·S2 (32)
in the rotating wave approximation with the same aforemen-
tioned restrictions on both hyperfine interactions.
C. The Semiclassical Approximation
In the limit of a large number of nuclear spins composing
the hyperfine interactions at either or both of the sites for S1
and S2, the quantum mechanical nuclear spin operator is re-
placed by a classical vector which physically corresponds to
an ensemble of nuclear moments interacting with the single
electron spin48–50:
Hh f = geµBBn,1 ·S1+geµBBn,2 ·S2 (33)
where the probability distribution functions for the nuclear
fields pointing at random angles are
W (Bn,1) =
(
1
2pia2
)3/2
e−
B2n,1
2a2 , (34)
W (Bn,2) =
(
1
2pib2
)3/2
e−
B2n,2
2b2 , (35)
with effective hyperfine fields a2 = 13 ∑ j a
2
j I j(I j +1) and b
2 =
1
3 ∑ j b
2
jJ j(J j + 1) with Ii and Ji being the spin quantum num-
bers for each of the nuclei at site one and site two, respectively.
For simplicity, we have assumed the semiclassical distribution
of fields to be isotropic (i.e. Bn,1,x has same root mean square
field as Bn,1,z).
Unfortunately, the transformation of the semiclassical hy-
perfine Hamiltonian to the rotating frame does not yield a
Hamiltonian independent of time. Of course, this is incon-
sequential for NZFMR as we calculate with no RF field.
If one makes the secular approximation to the hyperfine in-
teraction (which is valid for large field), then the rotating wave
8approximation can be used to obtain
H˜0 = geµB(B0+
~Ω
geµB
)(Sz,1+Sz,2), (36)
H˜h f = geµBBn,1,zS1,z+geµBBn,2,zS2,z, (37)
H˜1 = geµBB1(Sx,1+Sx,2) (38)
So EDMR and NZFMR calculations can still be satisfactorily
carried out as long as ~ω/geµB Bn (use secular approxima-
tion) or B1 = 0 (no RF field at all).
VI. HYPERFINE MC LINE SHAPE STRUCTURE
A. Quantum Mechanical Nuclear Spins
The recombination currents, either with or without the os-
cillating field, are guaranteed to have the same value only for
large magnetic fields (i.e. far from resonances and near zero
field transitions); it is convenient then to use ρS(B0)/ρS(∞) as
a figure of merit. The most sensitive experiments determine
a spin-dependent recombination current which will be pro-
portional to ddB0 ρS(B0)/ρS(∞) which is the quantity we call
“NZFMR” or “EDMR”. Figure 5 shows two representative
calculations using different rates kS and kD with an isotropic
hyperfine interaction at one (a,b) or both (c,d) of the sites.
The EDMR is nearly absent when the spin kinetics are in-
creased (red) since the spins are either combining or dissoci-
ating before the resonant transition can take place. Similarly,
the increased rates also cause an overall broadening and re-
duction in magnitude of the curve.
Note that in panels (a,c), the NZFMR line shape consists
of a broad feature (‘shoulder’) and a narrow feature (‘dim-
ple’). The ‘dimple’ appears more pronounced in the response
derivative (b,d). The ‘shoulder’ is barely observable in the
black curve of (b) while the red curve’s ‘dimple’ in (b) is
weaker than the ‘shoulder’. The black ‘shoulder’, ‘dimple’,
and EDMR are comparable in (c) though reducing the ‘dim-
ple’ (by appropriate choice of parameters) tends to also result
in a reduction of the EDMR as shown by the red curve. The
‘dimple’ appears in fields less than a and are similar to what
has been observed in the spin chemistry of radical pair reac-
tions (low-field effect or LFE) and the magnetic field effects
studied in organic spintronics. The origin is subtle and quali-
tatively ascribed to the conservation of angular momentum51.
Consider initial singlet spin pair states with a spin- 12 nucleus
located at one of the two spins. In zero applied field both J2
and Jz are conserved where J = S+ I. The conservation of
these quantities restricts the overall hyperfine-induced transi-
tions between singlet and triplet states. When a small field is
applied (along zˆ) only Jz is conserved. As a result the spin evo-
lution is given more freedom when this small field is applied
and more triplets may be formed at the expense of the singlet
population. As the field increases, eventually energetics play
a role and the non-zero ms states separate out from the ms = 0
states which gives rise to fewer transitions out of the singlet
state and an eventual saturation of the singlet population.
We observe here, and we find this to be true in general, that
the ‘dimple’ originating from the LFE is typically smaller in
size when hyperfine interactions exist at both sites.
B. Semiclassical Nuclear Spins
Figure 6 graphs examples of NZFMR and EDMR when one
or both spins interact with a large number of nuclear spins,
justifying the semiclassical approximation for the hyperfine
interaction. Of particular interest is (c,d) where both spins
are in the classical hyperfine field. The low-field effect is sig-
nificantly reduced compared to (a,b). Figure 6 uses identical
hyperfine couplings for the two electrons or holes but this is
not expected to be physical since the two states are different.
Again we find that the LFE is typically smaller in size (rela-
tive to the ‘wide shoulder’ or WS) when hyperfine interactions
exist at both sites.
To clarify what is meant by the semiclassical approxima-
tion – not every defect spin will be in same nuclear environ-
ment since 29Si is only present for about 4.7 % of the silicon
atoms present. 4.7 % of the defects will have a nuclear spin at
their host site but a great many more will have nuclear spins
in their vicinity and still interact with the nuclear spin. If the
12 nearest silicon atoms to the central defect are considered,
there are 224 possible configurations (i.e. ranging from zero
29Si to 13 29Si); nearly half of those configurations possess
at least one spinful nucleus.While the hyperfine interaction is
strongest if the Pb defect itself is 29Si, it is much more likely
that a Pb defect will experience a smaller hyperfine interac-
tion from a next nearest neighboring 29Si nucleus and it is this
higher likelihood that can dominate the response.3 Our semi-
classical calculation ascribes an effective hyperfine constant
to describe the entire ensemble of defects in their various 29Si
(and hydrogen) arrangements.4
C. NZFMR and EDMR in Si/SiO2 MOSFETs
By comparing to measurements of spin-dependent recom-
bination current at Si/SiO2 interfaces in the remainder of this
article, we find that the semi-classical approximation does a
much better job of explaining the NZFMR and EDMR line
shape features simultaneously.
VII. EXPERIMENT
Our experiments utilized a low field and frequency (5.4
mT and 151 MHz at resonance) custom-built spectrometer
consisting of a Kepco BOP 50-2M bipolar power supply, a
3 See Appendix for details on these probabilities.
4 We are making this argument based on the easier-to-visualize (111) sur-
face; it is expected to hold true also for the (100) surface which is the
surface in our experiments.
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FIG. 5. Quantum calculation. (a,b) Two contrasting line shapes using a single spin-1/2 quantum nucleus at S1. (c,d) Two contrasting line
shapes using a single spin-1/2 quantum nucleus at S1 and a single spin-1/2 quantum nucleus at S2. Both calculations used a1 = 1 mT, g = 2,
B1 = 0.02 mT, f = 150 MHz (≈ 5.4 mT). (a,b) a2 = 0 (c,d) a2 = 1 mT. The RWA is used in each calculation.
Lakeshore Cryogenics model 475 DSP Gaussmeter and tem-
perature compensated Hall probe, a Agilent model 83732B
synthesized signal generator, a Doty Scientific RF coil and
150 MHz tuning box, and a custom-built electromagnet with
a separate pair of coils for magnetic field modulation. We
utilize a Stanford Research Systems SR570 preamplifier for
transimpedance amplification of the sample device current.
We utilize LabVIEW software for magnetic field modulation,
spectrometer control, and data acquisition and processing.
Noise limits the feasibility of the measurement since the spin-
dependent changes in device current are a very small fraction
of the total current. Thus, the LabVIEW software also utilizes
a virtual lock-in amplifier with frequency and phase sensitive
detection of the magnetic field modulated device current. The
resulting EDMR and NZFMR curves appear as approximate
derivatives of the true spectra. All measurements were made
at room temperature. The planar Si/SiO2 MOSFET has a 7.5
nm thick SiO2 gate dielectric with a ≈ 41,000 µm2 channel
area and a shorted source and drain region.The gate of the to-
tal structure is comprised of 420 fingers each with a length of
1 µm and a width of 98 µm and a shorted source and drain
region.
The oxidation was then followed up by a N2 anneal at
925◦C. The devices were irradiated under a 0.2 V gate bias
with a dose of 1 MRad. For our EDMR and NZFMR mea-
surements, the source/drain to body junction biased at 0.3V,
0.33V, 0.4V, 0.45V, and 0.5V. with the gate bias held corre-
sponding to the peak in the body current (Fig. 7(a)), with
the body grounded; this biasing condition corresponds to the
peak recombination current and optimal signal-to-noise. This
biasing scheme is dc-IV and was first introduced by Grove.52
The recombination peak corresponds to the condition when
electron and hole densities at the interface are equal. This
condition is satisfied with the surface potential in depletion
corresponding to n = p = ni exp(qVF/2kT ).
The light red curves in Fig. 8 shows the post-irradiation
spectrum. The pre-irradiation spectrum (not shown) exhibits
neither an NZFMR or EDMR response. X-band measure-
ments at 9.4 GHz were also made on the same irradiated
Si/SiO2 MOSFETs, indicating that the near-interface traps are
dominated by the Pb center.53 Fig. 7(b) shows the peak-to-
peak amplitudes of all three features seen in the experiment:
EDMR occurring near ±5.4 mT, WS (wide shoulder), the
broader shape (‘shoulder’) around zero field, and the LFE, the
narrower feature (‘dimple’) around zero field. Note that, for
the sake of comparing features to the theory, Fig. 8 does not
display the actual values of the experimental amplitudes found
in Fig. 7(b).
VIII. DISCUSSION
To offer an explanation of the experimental results of Fig.
8, we first examine the lower forward biases of Fig. 8 (a) and
10Bottom panels: Averaged over 20k configs
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FIG. 6. Semiclassical approximation. (a,b) Two contrasting line shapes using a single hyperfine interaction at S1 with aPb = 1 mT. (c,d) Two
contrasting line shapes using semiclassical nuclear spin at S1 and S2 using used aPb = 1 mT and ae = 1 mT. For both calculations ge = 2,
B1 = 0.02 mT, f = 150 MHz (≈ 5.4 mT). The RWA and secular approximation (for the semiclassical term in the EDMR curve) are used in
each calculation. The hyperfine constants here refer to the root-mean-square of the distribution of hyperfine fields; see Eq. (34). (b) The red
EDMR line is offset from the black EDMR line for the sake of visibility. (c,d) all four curves are offset from one another for visibility. To
reduce computation time, EDMR is plotted for B0 > 0; EDMR for B0 < 0 shows identical behavior.
(b). Fig. 8 (b) was considered in Ref. 22. We find that using
the quantum model, neither one nor two site hyperfine interac-
tions can satisfactorily explain the NZFMR and EDMR simul-
taneously. For instance, an excellent fit to the NZFMR yields a
minuscule EDMR peak. However by assuming semiclassical
hyperfine interactions at both sites, NZFMR and EDMR rela-
tive features observed in our experiments can be satisfactorily
recreated (red curves in Fig. 8 ). The absolute amplitudes of
the experimental traces in Fig. 8 have been adjusted in order
to compare the experimental and theoretical shapes. Figure 7
(b) plots the actual experimental peak-to-peak measured val-
ues. The theory curves in Fig. 8 are no longer normalized
by the singlet probability at large field. Figure 9 (a) plots the
EDMR, WS, and LFE peak-to-peak amplitude extracted from
Fig. 8. Figure 9 (b) displays the trends in kS and kD there were
found when fitting the model to the measurements.
The semiclassical model for the defect spin is certainly sen-
sible since each defect has a high likelihood of experiencing
several Si hyperfine interactions. Moreover there is an abun-
dance of nuclear spins originating from the passivating hydro-
gen at the surface for whose hyperfine couplings we do not
possess detailed information.54–56 Given the range of hyper-
fine interactions from silicon (see Table I), the width of one
half a milliTesla is not surprising. The carrier spin also ex-
periences a semiclassical interaction – this is more apparent
since the weakly bound electron will sample a larger number
of nuclei within its localization radius. For the same reason,
any hyperfine interaction felt would be expected to be less
than that of the defect spin due to the less localized nature of
the state. In light of the data that has been shown so far here,
many hyperfine interactions at both spins, appears as the most
likely possibility to explain both the NZFMR and EDMR rel-
ative line shape structure.
Recently, a paper by Frantz et al. analyzed spin dependent
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FIG. 7. (a) dc-IV curves as functions of gate voltage for several
forward biases. The maximum recombination currents, at which our
experiments are carried out, correspond to the maxima of each curve.
(b) Peak-to-peak amplitudes of spin-dependent recombination (SDR)
measurements.
recombination NZFMR curves alone for the Si/SiO2 MOS-
FET and spin-dependent trap assisted tunneling leakage cur-
rent across the insulator in a hydrogenated amorphous silicon
MIS capacitor.57 By using the quantum model for the hyper-
fine interaction, accurate parameters for the hyperfine interac-
tions and relative hyperfine abundances were extracted from
a nonlinear least squares fitting routine. For the same set of
parameters obtained from the fit for Si/SiO2, the EDMR was
negligible in size which is the same conclusion reached here.
This discrepancy can be explained by the following consid-
erations that should be borne out by future in-depth analysis
of the two approaches. While NZFMR and EDMR originate
from same spin-dependent processes, their mechanics are dif-
ferent such that their dependencies on the various rates are
not expected to be the same. A primary distinction is that
EDMR requires an alternating field of magnitude B1 to induce
spin transitions while NZFMR does not. In the semiclassical
model used here, the values for kS and kD were at least an
order of magnitude smaller than the values found by Frantz
et al. using purely quantum nuclear spins when fitting the
NZFMR line shape. As seen in Figs. 5 and 6, smaller kS and
kD increase the relative size of EDMR in both the quantum
and semiclassical calculations. The results here and those of
Frantz et al. suggest that the rates kS and kD are not constant
but are drawn from a distribution of values.
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FIG. 8. Experimental and model NZFMR and EDMR line shapes.
Experimental curves have been scaled by a constant factor to fit with
model. Each panel displays the values of (kS, kD) used in the model
in order to show qualitative comparisons. Hyperfine interactions are
ae = 0.15 mT and aPb = 0.5 mT. Other parameters are g = 2, B1 =
0.02 mT, f = 150 MHz (≈ 5.4 mT). The model curve in each panel
averaged 20000 different nuclear field configurations.
12
IX. ANALYSIS OF FORWARD BIAS DEPENDENCE
The experimental line shape features are quantified by their
peak-to-peak amplitudes, ∆pp. These amplitudes as a function
of forward bias are shown in Figure 7 (b). ∆pp is related to the
maximum recombination current by ∆pp = ∂ρS/∂B0 ∗ f (VF)
where f (VF) is an unknown function of forward bias. We
expect f (VF) to scale in size with the dc-IV recombination
current. This is tested in Fig. 10 by plotting the ratio
∆pp(exp)
[∂ρS/∂B0]pp(th)
(39)
which should yield f (VF). The main lines and inset line both
increase with forward bias except at the largest forward bias;
however in view of Fig. 7(b), there is uncertainty whether
the maximum dc-IV recombination current was achieved at
0.5 V. Without knowing the precise dependence of the field
modulated device current on dc-IV, a more rigorous analysis
of the relationship between the model and the experiment is
not possible.
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FIG. 9. (a) Calculation peak-to-peak amplitudes in dρS/dB0 for
EDMR, WS, and LFE features determined from Fig. 8. (b) kS and
kD model outcomes.
X. CONCLUSION
The goal of this article has been to provide a sound theoret-
ical basis for the near-zero-field magnetoresistance phenom-
ena present at oxide-semiconductor interfaces in technologi-
cally relevant devices. The focus has been on spin-dependent
recombination. We expect the theoretical approach to ap-
ply for spin-dependent trap-assisted transport (SDTAT) where
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FIG. 10. Ratio of experimental peak-to-peak amplitudes to theoreti-
cal [∂ρS/∂B0]pp for EDMR, WS, and LFE features. The inset shows
the dc-IV recombination current measured against forward bias. We
attribute increase in the ratio to the increase in dc-IV current for
which the experiments take place.
NZFMR is also observed.57. The model presented is able
to qualitatively explain a series of spin-dependent recombi-
nation experiments where the gate and forward biases were
changed. To do so we demonstrated how a quantum model for
the hyperfine interaction was insufficient to simultaneously
describe the NZFMR and EDMR responses. Instead we uti-
lized a semiclassical approximation for the hyperfine interac-
tion which is reasonable considering the abundance of nuclear
spins near the relevant spin pair.
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Appendix A: Derivation of the Rotating Wave Approximation Hamiltonian
When transforming to a rotating coordinate system, eitherHa orHb become time independent while the other term obtains a
relative 2Ω precession rate that is routinely dropped within the so-called rotating wave approximation.
H1 ≈Ha = B1(geµBSx,1+geµBSx,2−gnµn∑
j
Ix, j)cosΩt−B1(geµBSy,1+geµBSy,2−gnµn∑
j
Iy, j)sinΩt, (A1)
where the spin operators are dimensionless and B1 B0.
We can transform to a rotating coordinate system for which the transformed density matrix is ρ˜ = R−1ρR with R =
eiΩt(Sz,1+Sz,2+∑ j Iz, j). The motivation behind this transformation is to make the Hamiltonian time-independent. The Zeeman
Hamiltonians are
H˜0 = geµBB0(Sz,1+Sz,2)−gnµBB0∑
j
Iz, j, (A2)
H˜1 = geµBB1(Sx,1+Sx,2)−gnµBB1∑
j
Ix, j (A3)
Since gnµn geµB, the Zeeman Hamiltonians approximate as
H˜0 = geµBB0(Sz,1+Sz,2), H˜1 = geµBB1(Sx,1+Sx,2). (A4)
For the RWA to eliminate time dependence in the hyperfine term, some restrictions on the hyperfine terms must be assumed.
All hyperfine coupling tensors must have the same principle axes and possess axial symmetry (i.e. Aˆi = diag(axx,i,axx,i,azz,i),
Aˆ j = diag(axx, j,axx, j,azz, j, etc). When these conditions are satisfied,
H˜h f = geµB∑
j
I j · Aˆ j ·S1 (A5)
The left-hand side of the Liouville equation becomes
∂ρ˜
∂t
=
∂R−1ρR
∂t
= R−1ρ
∂R
∂t
+R−1
∂ρ
∂t
R+
∂R−1
∂t
ρR = R−1ρRiΩ(Sz,1+Sz,2+∑
j
Iz, j)+R−1
∂ρ
∂t
R− iΩ(Sz,1+Sz,2+∑
j
Iz, j)R−1ρR.
(A6)
and then
∂ρ˜
∂t
=
∂R−1ρR
∂t
= iΩ[R−1ρR,Sz,1+Sz,2+∑
j
Iz, j]+R−1
∂ρ
∂t
R= iΩ[ρ˜,Sz,1+Sz,2+∑
j
Iz, j]+R−1
∂ρ
∂t
R=− i
~
[~Ω(Sz,1+Sz,2+∑
j
Iz, j), ρ˜]+R−1
∂ρ
∂t
R.
(A7)
The last term we get from the transformed Liouville equation for which the coherent term can be determined from:
R−1
∂ρ
∂t
R =− i
~
R−1[H ,ρ]R =− i
~
(R−1H ρR−R−1ρH R) =− i
~
(R−1H RR−1ρR−R−1ρR−1RH R) =− i
~
[H˜ , ρ˜]. (A8)
The remaining terms (stochastic ones) are determined similarly to yield a final expression:
∂ρ˜
∂t
=− i
~
[~Ω(Sz,1+Sz,2+∑
j
Iz, j), ρ˜]− i~ [H˜0+H˜h f +H˜1, ρ˜]−
kS
2
{PS, ρ˜}− kT2 {PT , ρ˜}+G1. (A9)
The two terms on the right hand side can be combined to make an effective Hamiltonian
H˜ = geµB(B0+
~Ω
geµB
)(Sz,1+Sz,2)−gnµB(B0− ~ΩgnµB )∑j
Iz, j +geµB∑
j
I j · Aˆ j ·S1+geµBB1(Sx,1+Sx,2)−gnµBB1∑
j
Ix, j (A10)
For the range of parameters occurring in this article, using the RWA does not effect the NZFMR line shape as shown in
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FIG. 11. The NZFMR line shape is calculated precisely whether the
full EDMR or near-zero field Hamiltonians are used.
Appendix B: The Pb defect at the Si/SiO2 Interface
1. Defect-Hyperfine Statistics for Si/SiO2 dangling bond
defects
The Pb dangling bond defect at the interface of Si/SiO2
is one of the better characterized defects. Experimental and
theoretical58 treatments have determined its hyperfine struc-
ture so make this system an excellent testbed of our theory.
The defect is shown in Figure 1.
The quickest approach is to assume that the defect atom
dominates the magnetic field response of the recombination
current. Only 4.7% of silicons possess a spin- 12 nucleus so to
a first approximation only this subset is included. The hyper-
fine interaction is not isotropic as tabulated in Table I where
the first row is the hyperfine interaction with the defect center
atom. For now neighboring silicons are neglected.
Binomial probability distribution:
P(n,k, p) =
(
n
k
)
pk(1− p)n−k (B1)
which tells you the probability for k of n Si atoms to be the
29Si if the probability for any individual Si is p ≈ 0.047. So
the probability of a specified defect being 29Si is Pd(kd) =
P(1,kd , p) which is 0.047 if kd = 1. But we are also interested
whether nearby Si atoms have spinful nuclei since the defect
wave function has some spatial overlap with, as we will see,
its nearest and next nearest neighbors58. The hyperfine in-
teractions are equivalent with its nearest neighbors when that
nearest neighbor possesses nuclear spin. Since there are three
such atoms, the probability of knn of those three being spin-
ful is Pnn(knn) = P(3,knn, p). As for next nearest neighbors
(of which there are nine), there exist two different hyperfine
couplings to the paramagnetic defect spin: three atoms are
termed as bulk next nearest neighbors and the other six atoms
are known as surface next nearest neighbors58. The respective
probabilities for spinful nuclei are Pnnn,B(kB)=P(3,kB, p) and
Pnnn,S(kB) = P(6,kS, p). The joint probability distribution for
any number of the 13 relevant atoms to have spinful nuclei is
P (kd ,knn,kS,kB) =Pd(kd)Pnn(knn)Pnnn,B(kB)Pnnn,S(kS), (B2)
where kd ∈ {0,1}, knn ∈ {0..3}, kB ∈ {0..3}, and kS ∈ {0..6}.
A given defect then is in one of 224 configurations — ∼ 46%
of which possess at least one spinful nucleus at either the de-
fect or its nearest/next nearest neighbors.
Furthermore, if hyperfine interactions exists for both elec-
trons, the probability distribution must be expanded to include
the probabilities of interaction at the second electron as well.
2. Hyperfine interactions of Pb defect
Brower was the first to measure the Pb hyperfine constants
using EPR59. The measurement took place at 20 K and
showed that the interaction was anisotropic.
Aˆ= a1+ Tˆ, (B3)
where
Aˆ=
 ax 0 00 ay 0
0 0 az
 and Tˆ=
 Tx 0 00 Ty 0
0 0 Tz
 . (B4)
All matrix elements are listed in Table I as computed by Ed-
wards in Ref. 58. The experiment of Brower agree well with
the “Defect atom” numbers in the table.
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Number/defect ax ay az a Tx Ty Tz
Defect atom 1 9.65 9.65 15.72 11.67 -2.023 -2.023 4.046
Nearest neighbor (n.n) 3 −0.399 −0.093 −0.072 0.188 -0.211 0.095 0.116
Bulk next n.n 3 2.12 2.18 2.70 2.33 -0.214 -0.153 0.367
Surface next n.n. 6 −0.286 −0.214 −0.187 0.229 -0.057 0.015 0.042
TABLE I. Hyperfine matrix elements58. All values in mT. Note that some of these interactions do not possess axial symmetry in which case
the RWA is invalid.
